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Good Abstractions obey the Laws of Physics
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Good Abstractions obey the Laws of Physics

Bouncing ball dynamics:

"

y'=—g+ F(t)

Around a collision [t=, tX]:

tc

V() = y(67) + / g+ Fu(r)dr
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Good Abstractions obey the Laws of Physics

Bouncing ball dynamics:

"

y'=—g+ F(t)

Around a collision [t=, tX]:

tc

V() = y(67) + / g+ Fu(r)dr

Conservation dictates y/(t7) = —y/(t2)
Therefore:

tT

/tc Fu(r)dr = —2y/(£5)
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Good Abstractions obey the Laws of Physics
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Abstracting the shape of F..
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Good Abstractions obey the Laws of Physics
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Good Abstractions obey the Laws of Physics

Bouncing ball dynamics: 10.01
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Simulation of Impulses
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Simulation of Impulses

Separation of Dynamics
"

y =—8
y(0) =y for 0 <t < tc, and
y'(0) =w
" =g
y(te) =y(t2) for t > t,
y'(te) =-y'(t7)

Direct Manipulation
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Simulation of Impulses

Separation of Dynamics

y =—8
y(0) =y for 0 <t < tc, and
y'(0) =w
" =g
y(te) =y(t2) for t > t,
y'(te) =-y'(t7)

Direct Manipulation

» Compute integration over the impulses.
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Simulation of Impulses

Separation of Dynamics

"

y =8
y(0) =y for 0 <t < tc, and
y'(0) =w
" =g
y(te) =y(t2) for t > t.
y(te) =—y'(tc)
Direct Manipulation
t+

Y(EF) = y(67) + / g2/ (5)5(r —
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Direct Manipulation of Impulses

Features:
» Handles derivatives of impulses (jerk, snap, crackle, pop,...)

Example: e
g .
S0 Z 50D (¢ _ 1) S w0
forn>1 te t
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Causal Block Diagrams

"

y ==

y'(t)

y”it)



Causal Block Diagrams

—&

.
y'(t) r—'

procedure CBDSimulator(Flat D, end_condition)
step + 0
while not end_condition do
schedule <— LoopDetect(DepGraph(D))
for gblock in schedule do
Compute(gblock)
end for
step « step +1
end while
end procedure

Inol
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Diving into Dirac Deltas — Distributions

A distribution is a function identified by the way it interacts with
other test functions, and not by its shape.



Diving into Dirac Deltas — Distributions

A distribution is a function identified by the way it interacts with
other test functions, and not by its shape.

5 = max(0, k + k?x) if x <0
X) = 1m
k—oo | max(0, k — k?x) otherwise




Diving into Dirac Deltas — Distributions

A distribution is a function identified by the way it interacts with
other test functions, and not by its shape.

_ max(0, k + k?x) if x <0
d(x) = lim .
k—oo | max(0, k — k2x) otherwise

Properties:




Diving into Dirac Deltas — Distributions

Two distributions are equal if the result of their interactions with
any smooth function is equal.

f=g < /f(x)¢(x)dx = /g(x)qb(x)dx for all ¢

(f:0) (8:0)




Diving into Dirac Deltas — Distributions

Two distributions are equal if the result of their interactions with
any smooth function is equal.

f=g < /f(x)¢(x)dx = /g(x)qb(x)dx for all ¢
e (8.9)

Example:

(He.0) = [ " (x)6(x)dx

— )6 — / H() (x)

—00

_ /0 TG (0dx = — [6IF = 6(0) = (5(x). 6)
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Symbolic Manipulation

Signal Representation:

S =st)+>_ > a;60(t—1)

=0 e}



Symbolic Manipulation

Signal Representation:

S =st)+>_ > a;60(t—1)

=0 e}

Encoding:
S(t,') € R2 x R™



Symbolic Manipulation

Signal Representation:

S()=s(t)+> > 2;00)(t — 1)

=0 e}

Encoding:
5(1‘,‘) € ]R2 x R™

Example:




Symbolic Manipulation — Sum
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Symbolic Manipulation — Sum

Lﬂ—.’rg—..f
+ Vit
$, v [ Tl
T3 t t

TL T3 T2

Y(t) = U(t)+ V(t) &
(Y(t), (1)) = (U(t) + V(t),p(t)) for any test function ¢
= (U(2), (1)) + (V(2), (1))

:<u(t)+v(t)+i > ayé(i)(t—ﬁu)—ki > b,-,-5<’>(t—T,Y),<p(t)>

=0 el =0 el



Symbolic Manipulation — Integral and Derivative

#
%
DO
0

SE




Symbolic Manipulation — Integral and Derivative

([ veoaxet0)) =

</tu(x)dx+ S a4 S (e ), o )>
’ me{n} = TJE{TJ}

(U'(1), (1)) =
< )+ > (u(tg) — u(ty))s(t — ta) +Z > au5(i+1>(t—ﬂ')(t),w(t)>

tg€{tq} =0 re{r}



Numerical Approximation of Impulses

Start from:
5(x) = lim Hi(x) = lim {ék t _%SXS%
k—o0 k—oo | O otherwise
with
0 if x < —%
Hi(x) =S4+ 3kx if — 1 <x< %
1 if x> ¢

Math.
Derivative

h =«

Approx.
1 Derivative
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Numerical Approximation of Impulses

Start from:
Lpif —l<x<d
5(x) = lim Hy(x) = lim {2 k="=k
k—00 k—oo | 0 otherwise
Wlth —h h @
. 1 1
0 ifx < —¢ 6] Math.
Hk(X) _ % + %kX if — % S x S % s Derivative
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With derivative approximation: P Approx.
=1 Derivative
’ Hl/h(Td) - Hl/h(Td - h) 1 —} h
Hy/p(1a) = h ~4 I l



Numerical Approximation of Impulses

Start from:
Lpif —l<x<d
5(x) = lim Hy(x) = lim {2 k="=k
k—00 k—oo | 0 otherwise
Wlth —h h @
. 1 1
0 ifx < —¢ 6] Math.
Hk(X) = % + %kX if — % <x< % Iy Derivative
1 if x> 1 i A
1
With derivative approximation: P Approx.
=1 Derivative
’ ~ Hl/h(Td) - Hl/h(Td - h) ~ 1 h Lz
1/h(7'd) ~ h ~h
Choose:

ot —7q) = Hi/h(t — Td)
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Comparison — Without Impulse Derivatives

Example: Bouncing ball




Comparison — Without Impulse Derivatives

Example: Bouncing ball
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Comparison — With Impulse Derivatives

S(t) = H(t — 7q)
S'(t) =6(t — 74)
SA(t) = 3'(t — 74)

S(t) = 60(t — 79)

H(t*Td)

|slafe o [zlafzs

N

n

Acceleration  Velocity

Jerk

y(t)



Comparison — With Impulse Derivatives

\
H(t* Td) 3}
g ——
S(t) = H(t — 7a) i - ST
dt ¢
S'(t) =6(t — 74) T g
(2) / d é
SYE(t) =6(t — 14) Ak g o |
R < ¢
e : .
S(t) = 60(t — 79) 0 ERAG
dt Y, I8
Time s s sPwm O s () s ()
e —h 0 0 0 0 0 0
T4 1 1/h 1/h? 1/h3 1/h" 1/h"
T4+ h 1 0 -1/  —2/hK —(n—2)/h" —(n—1)/h"
74 + 2h 1 0 0 1/k ") /hn ") /a
T4 + 3h 1 0 0 0 _ "§2 /h" _ n;l /h"
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Comparison — Impulse Derivatives

H(t )\
H — T
Differences: !
» Numerical solution shifted by n x h time d
units; %
» Maximum magnitude for a discontinuity D: 4
dt
(") k¢ where k= # (”) i
where = floor | -
k—1 2 d
dt
Time sty  S'() SO SOk . s(=1)(¢) s ()
g —h 0 0 0 0 0 0
T4 1 1/h 1/h? 1/ 1/h" 1/h"
T4+ h 1 0 —1/m  —2/B® ...  —(n—2)/h" —(n—1)/h"
74 + 2h 1 0 0 /R ") /hn ) /a
T4 + 3h 1 0 0 0o ... —("32) /" —("31)/a"
t—Dh 1 o o o .. o (o (n

74 + nh 1 0 0 0




Conclusion

» For models that contain no impulse
derivatives, both approaches are equivalent

» Otherwise, numerical approach is less
accurate:

» Delays signals
» Computes large values
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Thank youl!
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