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Example [VP

T = f(x,u) with z(0) =z

Example:

———+— | —>

20 40 60 v

k=10 m = 1576(kg)
d=0.5 va=40(m/s)




Stability of ODEs

Do all solutions of given IVP tend to an equilibrium?
Formally, for any solution x(¢), does tlgn |x()]| =07

Application: Does the cruise control drive the ;'

car to a stable velocity? il

. 1 10

0= — [k(vg —v) —dv] with v(0) = v 2
Stable velocity: v, = (kvg)/(k+d) -

let a=—(1/m)(k+d) and b= (1/m)(kvy) sothatv=av+b
Then, introduce new variable V =v —v, sothat Vv =av
Solutionis ¥(t) = e“ ¥

Since a<0, ¥(t) -0 as t —o



Stability of Ordinary Differential
Equations

For any solution x(z), does lim |x(2)]| =07
—>00

Scalar linear ODEs: X = ax with z(0) = x¢

Stableif a<0

Vector linear ODEs: X = AX with x(0) = xg

Stable if VA € Eig(A), Re{A} <0



Scalar Initial Value Problems -
Approximation

T = f(x,u) with z(0) =z

Explicit Euler Method.:

r(t+ h) ~z(t)+ f(x(t),u(t))h with z(0) = g
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Numerical Stability of Euler
Method

Scalar linear ODEs: X = ax
Explicit Euler Method: x(t +h) ~ x(t) + F (x(¢), u(z) )h
x(t+h) =~ x(t) +ahx(t) = (1+ah)x(t) = (1 +ah)"x(0)

lim (14 ah)"x(0) =0 if |14+ah| <1

n—oo

Vector linear ODEs: X = Ax

lim (I14+Ah)"x(0) =0 if p(I+Ah) <1

n—oo
M) = A
p(M) a!&i’(‘m‘ |



Stability Analysis Summary

1. Check if original system is stable.
X =Ax VA €Eig(A), Re{A} <0

2. Apply numerical method equation to original system
x(t+h) ~ Ax(t)

equation

A) <1 M) = A
p(A)<1 p(M) AE%Z’(‘MJ |

3. Checkifitis stable.



Application to Co-simulation

Plot

x1_analytical —|
%2_analytical —

x1_cosim  —

x2_cosim  —




Application to Co-sim.

Cosim unit:
zj = Ajr; + Bju,
y; = Cjrj + Dju;

Target form:

’i"”? (?fi + H) - ﬂ'fl,:.cj ﬂ”-{l,uj Ejj(ti)
ﬂj (ti + H) N ﬂf{?,:.:j ﬂ'{luj uj(t’i)

Zero order hold:

'ﬂj(ﬁ) = Uj (ﬁi)j for t € [ii, t-i—l—l)

Cosim unit: [ 4. A B.l [+, )
i-[ 8] se-we

June, 2018 U; Uy



Application to Co-sim.

Cosim unit:

zj| _ |4 Bj| |7
uil L0 0] U] a,(t) = u,(t:)

Target form:

F? (ti + H )]

M.,
it + H)| —

M.,

ﬂ’{l ) T.l'.-j

Cosim unit with internal iteration:

Zi(tiv1) | _ jks
tj(tiv1) J
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e.g., Fw. Euler:

s~

Aj =1+

z;(t;)
w;(t;)

|

Aj  Bj
0 0



Application to Co-sim.

Cosim unit:

{Tj(fﬁl) _ jks %jjtt)

i (tit1) ol uy | oag(ts) = ()
Target form:

ri(ti + H)| Mz, M| |2;(t:)
ﬂj(fl‘—FH) N ﬂ'ﬁrQ,:.:j ﬂ'{luj uj(ti)

”kj o Jh{l;nj -ﬂfi,uj
L (T

N jhfi,ﬂ;j jhfé,iLj
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Application to Co-sim.

Cosim unit:

’i"“? (ti + H) o ﬂjlﬁs.cj ﬂ'{lzuj Ejj(t'i)
ﬁ,j (?fi + H) N ﬂj?,:.:j A{{Z;HJ' uj(t’i)

ﬂj (ti) = U; (tz‘)
Ideal coupling cosim:

ur(t) = y2(t) = CaZa(t)
us(t) = y1(t) = C1x1(t) + Dyuq(t)
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Jacobi Coupling

Cosim unit:

ii"”j(tg—f—H) - ﬂ’{l?:cj f‘/fl;ilj %3(“)
Uj(ti + H)| | Maa, M| [u;(t:)

w;(t:) = uj(ts)

Ideal coupling cosim:

ur(t) = y2(t) = CaZa(t)
us(t) = y1(t) = C1x1(t) + Dyuq(t)

Actual cosim coupling:

uy(t;) = Caxa(t;)
Junt;uz%l ti) - Clj}l(ti) T



Jacobi Coupling

Cosim unit:
:i":j (t; + H
u;(t; + H
Actual cosim coupling: uj. = uj.

i) = CaZa(t;)
@ Ch1(t;) + Dyt (t;)
—1(&) + jMrlzul CZ%Z(tI)
M, . & (t; | oXo(t;




Jacobi Coupling

Cosim unit:

Ti(ti + H)| _ |Miz, My, | |Z;(:)
My, M,

Actual cosim coupling:

’I,Ll(ti) = CQ.&":Q (f;@;)

TLQ(ti) = Cliﬁl(ti) -+ Dl“ﬁﬂl(ti)

Z1(tiv1) M
ﬁl(ti—}—l) _ ﬂﬁrgﬁml
To(tiv1) M ., C1
“ﬂg (1;1'_}_1)_ _-ZLIQ;HE Cl
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Jacobi Coupling - MSD
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iterative Coupling

Cosim unit: A i
I ~ Lt 3-ulls + 1)
£y (tz -+ H) _ ﬂr{]_._,’:ﬂj ﬂi'rl:uj Tj(ft) ;2.1;(%)
wj(t; + H) My .. M., | |u;(t:) .
2 - - A
ﬂj (t;‘) = Uj (t-i) ti 5 t+H

Ideal coupling cosim:

ur(t) = y2(t) = CaZa(t)
us(t) = y1(t) = C1x1(t) + Dyuq(t)

Actual cosim coupling:

= C121(tip1) + D




iterative Coupling

Cosim unit: A i
I ~ Lt 3-ulls + 1)
£y (tz -+ H) _ ﬂr{]_._,’:ﬂj ﬂi'rl:uj Tj(ft) ;2.1;(%)
wj(t; + H) My .. M., | |u;(t:) .
2 - - A
ﬂj (t;‘) = Uj (t-i) ti 5 t+H

Ideal coupling cosim:

ur(t) = y2(t) = CaZa(t)
us(t) = y1(t) = C1x1(t) + Dyuq(t)

Actual cosim coupling:

= C121(tip1) + D




iterative Coupling

Cosim unit: A i
I ~ Lt 3-ulls + 1)
£y (tz -+ H) _ ﬂr{]_._,’:ﬂj ﬂi'rl:uj Tj(ft) ;2.1;(%)
wj(t; + H) My .. M., | |u;(t:) .
2 - - A
ﬂj (t;‘) = Uj (t-i) ti 5 t+H

Ideal coupling cosim:

ur(t) = y2(t) = CaZa(t)
us(t) = y1(t) = C1x1(t) + Dyuq(t)

Actual cosim coupling:

= C121(tip1) + D




iterative Coupling

51
Cosim unit:
Ti(ti+H)| My oz, My, Ti(t;) 1'%:%) 2y(t)
T]_j. (?fz -+ H) N ﬂfgij Aﬁ{ﬂ.uj -uj(t,,;)
- , S, L

Actual cosim coupling: U; (ti) = U (tt-) ff‘*---g..--_——-'mH
uy(tiv1) = CaZa(tis)

Us(tiv1) = C1Z1(tiv1) + Druq(tivq)

) r1(t:) (tiv1)
) (t:) (tiv1)
ti—l—l) :ﬂifljmgflg(?fi) —i—ﬂffl uz’uz( 1)
) (1) (tiv1)



iterative Coupling

Cosim unit: li
7 (t: + H Ml @ R
f;Q I E A e

Uj. = Uj.

Actual cosim coupling:

uy (tig1) = Coa(tiy)

+ M7 o, CoTa(tit1

(tit+1) a1 T1(t:) +1)

uy(tip1) = ﬁfg=m1r1 (t;) + Moy, CoZo(ti41)

Ta(tit1) = M1 g, 22(t;) +AD 4, C121(Li41) + M, @
(tiv1) (t;) w, Cr1T1(tirr) F Mo, Diug (i)
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iterative Coupling

Cosim unit:

fi"?j(?fi—f—H) o ﬂflﬁmj
T]j(?fl—}-H) o ﬂ’{?,:cj

Ty (tit1) My, 0 Of [Z1(t:)
up(tiv1)| [ Maog, O 0 O [ui(ts) n
%Q(ti_l_]_) 0 0 ﬁfjl,:cg 0 E:Q(ti)
U (tis1 )_ 0 0 Mz, 0] |ug (fz‘)_
0 0 My, Ca O] [Z1(tit1)]
0 0 ﬂzfgﬁulCQ 0 ’Ul(ti—}—l)
M .,Cy M, ,Dy 0 O |Z2(ti+1)
June, 2018 _fbﬁ'[g,uz Cl ﬂi{Z,ug D1 0 0_ _’hﬂz (ti-}—l )_




'terative Coupling

Cosim unit:

2i(ti + H)| _ [Mia; M| [25(t:) e
uj(ty + H)| Moy, My, | [u;(t;)

U; (ti) = U; (t.i) t’?\“--_g.____——"?f;+H

Tip1 = M, + M, 11T 41

Tiy1 = (I — Miy1)™ " M,z
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'terative Coupling - MSD
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