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ABSTRACT
The physics of technical systems, such as embedded and
cyber-physical systems, is frequently modeled using the no-
tion of continuous time. The underlying continuous phe-
nomena may, however, occur at a time scale much faster
than the system behavior of interest. In such situations, it
is desirable to approximate the detailed continuous-time be-
havior by discontinuous change. Two classes of discontinu-
ous change can be identified: pinnacles and mythical modes.
This work shows how pinnacles are well modeled using a hy-
perreal notion of time while a superdense notion of time ap-
plies well to mythical modes. Thus, the combination, called
hyperdense time, is proposed to allow for the expression of
the semantics of both pinnacles and mythical modes. Fur-
ther, the hyperdense semantic domain is translated into a
computational representation as a three-dimensional model
of time. In particular, continuous-time behavior is mapped
onto floating point numbers, while the mythical mode and
pinnacle event iterations each map onto an integer dimen-
sion. A modified Newton’s cradle is used as a case study
and to illustrate the computational implementation.

1. INTRODUCTION
With the advent of ubiquitous embedded computation,

the complexity of engineered systems has grown by leaps and
bounds. Where much of the increase in complexity has been
driven by the availability of higher level programming lan-
guages combined with powerful compilers, more recently en-
gineers have been turning to yet a higher level of abstraction.
This higher level of abstraction is often somewhat colloqui-
ally referred to as ‘models’, making the implicit assumption
that the computer code is the system under study rather
than the actual implementation for which requirements are
formulated.
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Recently attention has been gained by the notion of Cyber-
Physical Systems (CPS). These systems tightly integrate the
physical world, the computation, and the information space
in a technological sense. Model-Based Design [14, 30] is a
prime exponent to develop such systems [40]. Given the
open nature of CPS and the necessity to include abstract
representations in their development process, the availability
of quality models for system-level studies is fundamental to
a successful design effort.

In other work [29], the use of models has indeed been
explored as an approach to mitigate system integration is-
sues. Because of the delicate interaction between the vari-
ous component and subsystem behaviors in their implemen-
tation, the use of models in addressing system integration
challenges is not straightforward, however. In particular,
it becomes essential to create ‘good’ models of the physics,
that is, models that embody correctly the pertinent phys-
ical effects while not giving rise to behaviors that have no
physical manifestation.

A critical characteristic of physics models for system-level
studies is the manner in which their dynamics are captured.
Generally, physical systems are well described by continuous-
time behavior, for example, based on the foundations of
thermodynamics [6, 13]. However, the dynamics of some of
the continuous behavior is much faster than the time scale
of interest, and, therefore, it may be efficient to model the
resulting effect by discontinuous changes instead. The cor-
responding models then combine continuous behavior with
discontinuous effects, which can be represented as a mathe-
matical system with hybrid dynamics.

Complications arise because, as recognized by previous
work [10, 27], certain laws of physics do not hold when dis-
continuities are introduced in the model behavior. For ex-
ample, continuity of power is violated much like conservation
of energy because of instantaneous dissipation. Other laws,
however, do hold across discontinuities (e.g., conservation
of charge, conservation of momentum, etc.) and these laws
help determine consistent transfer across discontinuities of
the dynamic state in a physics model. It is the objective
of the work presented here to further develop these domain-
specific constraints while formalizing their behavior so as
to support multiparadigm modeling [32] across the fields of
signal processing, control engineering, computer science, and
thermodynamics.



Because of a natural bias toward computational imple-
mentations, a first approach to formalizing discontinuities
in models of physical systems is to employ a semantic do-
main that is continuous but interspersed with discontinu-
ous changes. In such a computational implementation, it is
tempting to model sequences of discontinuous changes as oc-
curring at a single point in time, which naturally leads to an
orthogonal integer dimension so as to attribute an order to
consecutive discontinuous changes. However, the resulting
superdense time [21], R×N is insufficient to precisely describe
the intricate behavior of discontinuities in physical system
models [31]. In particular, an ontology of hybrid dynamics
in physical system models that was developed in previous
work [34] includes a class of behaviors referred to as myth-
ical modes [35] that can be well formalized in superdense
time. The ontology also includes a class of behaviors called
pinnacles, though, which requires a time advance during dis-
continuous change, and, therefore, cannot be formalized by
the integer dimensions of superdense time.

As an alternative, related work [17] proposed another ap-
proach to formalizing discontinuities based on the hyperreals
of nonstandard analysis [19]. More recently, this approach
has been further developed in an effort to define the seman-
tics of hybrid dynamic systems [2, 3]. Because hyperreals
allow an infinitesimal time advance, they present a seman-
tic domain onto which pinnacles map well. With mythical
modes being well presented by an orthogonal integer dimen-
sion, this paper proposes a semantic domain that combines
the two in order to be able to span the range of discontinu-
ous behaviors that have been identified in previous work [23,
32].

The resulting hyperdense semantic domain enables mod-
eling of physics from first principles based on the theory of
thermodynamics. A formalization of the intricate behavior
on a hyperdense domain is then mapped onto a computa-
tional implementation. The corresponding executable mod-
els generate consistent and physically meaningful behavior
even in the face of complicated interactions between classes
of discontinuities. The conceptual modeling from first prin-
ciples reduces the conceptual investment that is generally
required when introducing discontinuities in physics mod-
els [7], an investment that is significantly (if not prohibitively)
exacerbated in the case of interacting discontinuities.

Section 2 discusses the notion of discontinuity in physical
modeling. In particular, hybrid bond graphs are introduced
as a means to represent the nuances of physical phenomena.
Examples of models are provided to explain the disconti-
nuities, such as pinnacles and mythical mode. Section 3
relates the discontinuous changes to the notion of time. Su-
perdense and hyperreal time semantic domains are discussed
to provide a basis for a combination thereof. The resulting
hyperdense time notion is then related to mythical mode
and pinnacle behavior. In Section 4, a computational repre-
sentation for hyperdense time is provided. A case study of
a variant of Newton’s cradle illustrates the value of the ap-
proach and its computational implementation is discussed.
Section 5 discusses related work on the topic. Section 6
completes the treatise.

2. DISCONTINUITIES IN PHYSICS MOD-
ELS

The Heaviside principle [15] forms the foundation of a
continuity assumption that is well developed in the the-
ory of thermodynamics (e.g., [9]). In previous work [18,
36], bond graphs have been developed as a formalism to
model continuous-time behavior of physical systems. After
a brief introduction to thermodynamics and bond graphs,
this section reviews how the bond graph formalism may be
extended with an ideal switching element to form hybrid
bond graphs [25]. Note that the principles apply to physics
modeling languages in general such as Modelica [12] and
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[22].

2.1 Bond graphs for physical modeling
Modeling physics for system-level studies is often based on

the concept of reticulation [5]. This is the foundation of the
lumped parameter assumption, that is, physical phenomena
can be isolated and represented by well-defined parameter
values. For example, a spring may exert a varying force
along its longitudinal dimension but is often represented by a
spring constant that captures the force between two points of
attachment given a displacement between these two points.

Across physics domains (e.g., electrical, hydraulic, ther-
mal, chemical, etc.) thermodynamics identifies two types
of variables that are subject to dynamic behavior. These
variables represent either: (i) extensive quantities or (ii) in-
tensive quantities. The extensive quantities depend on the
extent of a lumped phenomenon whereas the intensive quan-
tities do not. For example, momentum is an extensive quan-
tity because halving the mass that stores it also halves the
momentum. In contrast, velocity is an intensive quantity as
halving a mass with a given velocity does not change the
velocity of the two halves.

The dynamics of extensities and intensities are related by
conduction, that is, when there is a difference in intensities, a
change in extensity follows. For example, a difference in ve-
locities between two bodies results in a force acting between
them that causes a change in momentum (F = m dv

dt
= dp

dt
).

Because of the generality across physical domains of this
phenomena, it is useful to define a generalized measure based
on a notion of intensity difference, effort, and a notion of cor-
responding change in extensity flow. If this measure is taken
to be the product, it corresponds to the well-known notion of
power (change of energy). For example, v ·F equates power
much like in the electrical domain the product of the inten-
sity difference (voltage, v) and change of extensity (current
i) equates power.

The relations in thermodynamics models can then be sum-
marized as illustrated in Fig. 1 as a ‘triangle of state’ (after
Henry Paynter’s ‘tetrahedron of state’). A component rep-
resents a lumped parameter. This component may store a
quantity as its extensity. Based on the constituent behav-
ior of the component, this extensity relates to an intensity.
Given the connection structure that the component is part
of, the intensity results in a change of extensity, a flow. The
flow adds to the stored extensity (by means of integration
over time). Generally, the relation between intensity and
extensity is one of a storage element whereas the relation
between the intensity and flow is one of dissipation. Note
that the role of a quantity depends on the physical domain



Figure 1: Triangle of state

(e.g., whereas a voltage is an intensity in the electrical do-
main, it is a flow in the magnetic domain).

In an energy-based representation, any change in dynamic
variable values then is the result of two variables acting: an
effort, e, and a flow, f . Moreover, in a model there are two
basic energy-based phenomena: (i) storage of either effort
(C) or flow (I) and (ii) dissipation (R) while the context of
the model is defined by ideal sources of either effort (Se) or
flow (Sf).

With the various idealized physical phenomena identified
as I, C, R, Se, and Sf , the final step is to establish how
they can be connected. Turning to reticulation again it is
desirable to identify ideal connection behavior. Given the
energy-based approach, this connection behavior should cen-
ter around flow of energy, power, between physical phenom-
ena. Moreover, the connection behavior should be ideal in
that it neither dissipates nor stores energy (the latter con-
dition implying continuity of power).

Given these conditions, a connection element between a
number of physical phenomena relates the efforts and the
flows of all of these interacting phenomena in such a way
that the sum of their product equates 0 (otherwise, there
would be either dissipation or storage),

∑
i ei · fi = 0. The

two orthogonal implementations of this are that either all
efforts are the same while the flows sum to zero, or the other
way around. In the electrical domain, this corresponds to
either Kirchhoff’s current law or Kirchhoff’s voltage law. In
bond graph terminology these connections are represented
by junctions, the former by a 0 junction (∀i 6=jei = ej and∑

i fi = 0) and the latter by a 1 junction (∀i 6=jfi = fj and∑
i ei = 0).
To introduce discontinuities into the bond graph model-

ing formalism again the principle of reticulation is followed.
This requires an idealized form of discontinuous change in
dynamic behavior, which is well represented by a change in
the junction structure because this structure is ideal, void of
dissipation and storage. Implementing discontinuities then
becomes a matter of dynamically modifying the junction
structure in an idealized manner. This idealized reconfig-
uration amounts to a junction between phenomena being
active or not [41]. In other words, a 0 junction can be active
(∀i 6=jei = ej and

∑
i fi = 0) or not (∀iSei = 0) and a 1 junc-

tion exhibits the dual behavior when active (∀i 6=jfi = fj and∑
i ei = 0) or not (∀iSfi = 0). Note that when a junction is

not active, indeed no power flows across it. These junctions
that can change their mode from active (on) to inactive (off)
are called controlled junctions.

2.2 Discontinuities in physics models
With the ability for a junction to switch its mode it be-

comes necessary to specify when a mode switch should occur.
Given the popularity of finite state machines (FSM) to cap-
ture discrete event logic, a controlled junction is equipped

Figure 2: Ideally plastic collision

with a FSM that determines the on or off mode of the junc-
tion. This determination requires two aspects of the state
logic to be captured: (i) how the state of the FSM maps onto
the on and off mode of the junction and (ii) how the phys-
ical quantities map onto transition conditions of the FSM.
Continuity of power leads to the notion that discontinuities
in physical quantities result from a lack of detail in mod-
eled phenomena, which come in two classes: (i) storage and
(ii) dissipation. The discontinuous behavior that emerges in
turn for each of these is discussed next.

2.2.1 Pinnacles
Discontinuities in physics models are often studied based

on multibody collisions, albeit with impact models that gen-
erally are subject to a large set of assumptions (e.g., per-
fectly simultaneous collisions, that are ideally plastic, along
the normal direction, with only a translational component,
and between bodies of equal mass). In a hybrid bond graph
model, the impact of such a collision between two bodies,
m1 and m3, can be modeled as depicted in Fig. 2. The two
bodies are modeled as inertias, I, connected to a common
velocity, 1, junction. These junctions represent the respec-
tive velocities, v1 and v3, which are connected via a common
force, 0, junction. This 0 junction is controlled and when off
it exerts force 0 on both bodies. Upon collision, the 0 junc-
tion turns on and it now enforces a velocity balance such
that v1 − v3 + ∆v = 0, where ∆v13 is computed by an ideal
flow source, Sf , as ∆v13 = v−1 − v

−
3 , with the ‘-’ superscript

referring to signals immediately preceding the collision.
The FSM controlling the on/off mode of the 0 junction

models the impact by switching from off to on when the
bodies make contact (∆x > 0) and when they are moving
toward one another (∆v > 0). Here the ∆v > 0 is essential
to model that there is impact because of a collision as op-
posed to the bodies only being in contact. As soon as the
bodies move away from one another (∆v < 0), the 0 junc-
tion switches to off, irrespective of whether the bodies are
touching.

During behavior generation, when ∆x > 0 && ∆v > 0
holds, a collision occurs and the flow source enforcing the
velocity difference ∆v− because of impact becomes active.
Based on this velocity difference and conservation of momen-
tum (

∑
imiv

−
i =

∑
imivi), the velocities upon collision can

be computed. The state of the velocity of the bodies is then
reinitialized and this leads to the condition ∆v < 0 being
satisfied. Thus, a consecutive mode change occurs where the
FSM moves to the off mode again. In the off mode the bod-
ies behave as independent masses, and, therefore, no further
changes in the physical state occur. Since the discrete mode



Figure 3: Two bodies with a breakaway force

changes have thus converged, the system proceeds to evolve
in continuous time.

The end result is that the bodies m1 and m2 evolve ac-
cording to a mode of continuous evolution. With a point
in time at which two mode changes occur: (i) first, a col-
lision mode occurs to model the impact that necessitates a
reinitialization (discontinuous change) and (ii) second, the
system changes back to a mode of continuous evolution. The
collision mode that is active only to effect a reinitialization
of physical state is referred to as a pinnacle [27]. Note that
in more detail this collision mode would comprise a storage
effect that captures the compression and expansion of the
bodies.

2.2.2 Mythical mode changes
A different interaction effect between two bodies takes

place based on friction effects. For example, consider two
bodies m1 and m2 with m2 at rest on top of m1. When
at a point in time a large enough external force is exerted
on m1, m1 will start moving with a corresponding velocity.
However, if the force is sufficiently large that the breakaway
friction force Fbreakaway between m1 and m2 is exceeded,
m2 may remain at rest.

A hybrid bond graph model of such a system is depicted
in Fig. 3. In this model, an ideal source of effort exerts an
external force Fin. This force is applied to m1 because it
is connected to the common velocity 1 junction that repre-
sents the velocity of m1. When on, a controlled 0 junction
connects the 1 junction that represents the velocity of m2,
which forces m1 and m2 to move with the same velocity.
The FSM for the controlled 0 junctions shows that the junc-
tion changes to its off mode when the force between m1 and
m2 exceeds the breakaway force, F > Fbreakaway. In the off
mode, the 0 junction exerts 0 force on both m1 and m2, and
so they move independently. The FSM also shows that if the
velocity difference between m1 and m2 falls below a thresh-
old velocity (∆V < vth) the two bodies ‘stick’ to each other
again. Note that this model does not account for viscous
friction when the two bodies move relative to one another
as the focus of this paper is on the discontinuous behavior.

During behavior generation, initially the 0 junction is in
its on mode because the bodies are at rest on top of one an-
other and the system evolves in continuous time. When the
point in time occurs at which Fin changes discontinuously,
new velocities for both m1 and m2 are computed. These
velocities, however, may require a force to be exerted on m2

that causes the condition F > Fbreakaway to be satisfied and
the 0 junction changes to its off mode. Once in the off mode,
if the velocity difference is sufficiently large, no further mode
changes occur. Since the discrete mode changes have thus
converged, the system proceeds to evolve in continuous time.

The end result is that the two bodies m1 and m2 evolve
according to a mode of continuous evolution until a point in
time at which a force is exerted. At this point in time, the
corresponding velocities and forces are computed and based
on the newly computed values the connection between the
two bodies changes mode such that they are dynamically in-
dependent. In the mode of independence the system evolves
in continuous time again. Since there is no effect of the
external force on the velocity of m2, in order to arrive at
the proper values for reinitialization of v1 and v2, the mode
where the external force becomes active while m1 and m2

are still connected is considered to have no effect on the
physical state, which is referred to as a mythical mode [27].
Note that in more detail the mythical mode would comprise
a very small nonlinear dissipation effect that captures the
quick buildup of force before disconnecting.

3. MODELS OF TIME
In the following subsections, background information on

superdense and hyperreal time models is provided. These
time semantics are required to arrive at a combination in
the form of a hyperdense time that allows for representing
pinnacles and mythical modes in concert. It is shown how
previous results can now be mapped onto a hyperdense se-
mantic domain.

3.1 Introduction to superdense time
Time-event sequence is a semantic domain for describing

event-based models. Intuitively, time-event sequences are in-
stantaneous events separated by non-negative real numbers
that describe time durations between the events. Events
separated by zero duration are simultaneous, but have a
well-defined causal ordering.

Superdense time was introduced to represent time-event
sequences as functions of time [21]. Superdense time is a to-
tally ordered subset of R+ ×N, where the non-negative real
number represents the real time and the natural number rep-
resents the causal ordering. Simultaneous events at time t
are mapped to (t, 0), (t, 1), . . . superdense time instants such
that the ordering of the events is preserved.

The (total) ordering of superdense time is given by the
following definitions: (t, n) = (t′, n′) ⇔ t = t′ ∧ n = n′,
and (t, n) < (t′, n′) ⇔ t < t′ ∨ (t = t′ ∧ n < n′). Therefore,
superdense time is a time model that can be used to describe
simultaneous events as functions of time, while retaining the
causality of events.

Mythical modes emerge as an artifact of logical inference
to determine a new mode in which physical state can change.
As such, mythical modes do not affect the dynamic state of
a physical system. Moreover, different logic formulations
may traverse different mythical modes yet still arrive at the
same resulting mode where physical state changes can occur.
Consequently, the logical evaluation has no corresponding
manifestation in the dynamic state of a physical system and
occurs at a single point in time along a logical inferencing
dimension. This behavior corresponds to the superdense
semantic domain.

3.2 Introduction to hyperreal time
The system of hyperreals extends the theories with real

numbers to a larger number system that includes infinitesi-
mal and infinite numbers. An infinitesimal ε is any nonzero
number, such that |ε| < 1

n
for any n ∈ N. Intuitively, the



idea behind hyperreals is to extend the dense field of R with
infinitely many points around each real number such that
any real sentence that holds for one or more real functions
also holds for the hyperreal natural extensions of these func-
tions [19] (transfer principle).

In the ultrapower construction [16], hyperreals are repre-
sented as infinite sequences of real numbers 〈u1, u2, . . .〉 ∈ RN

with real numbers embedded as constant sequences (i.e., a
real number r is the sequence of 〈r, r, . . .〉 ∈ RN). These
sequences, together with elementwise addition and multipli-
cation operations, form a commutative ring but not a field
(since the multiplication of two non-zero numbers could re-
sult in zero: 〈0, 1, 0, . . .〉 × 〈1, 0, 1, . . .〉 = 〈0, 0, . . .〉 ). This
issue is remedied by considering equivalence classes of RN

defined by a free ultrafilter U of N.
Let J be a nonempty set. An ultrafilter on J is a nonempty

collection U of subsets of J having the following properties:
∅ /∈ U ; A ∈ U and B ∈ U implies A ∩ B ∈ U ; A ∈ U and
A ⊆ B ⊆ J implies B ∈ U ; for all A ⊆ J , either A ∈ U or
J \ A ∈ U . The ultrafilter U is free if the intersection of all
its members is the empty set:

⋂
A∈U A = ∅.

Given a free ultrafilter U of N, an equivalence relation
=U can be defined over RN: u =U v holds for sequences
u = 〈u1, u2, . . .〉 and v = 〈v1, v2, . . .〉 iff {i | ui = vi} ∈ U .
The hyperreals are then defined as the quotient of RN by U ,
∗R = RN/U .

As a semantic domain, hyperreals have the advantage that
around any real time instant there are hyperreal time in-
stants that are closer to it than any other real time instant.
Such extension of time greatly simplifies the semantic spec-
ification of discontinuities, in particular, the description of
pinnacles that represent fast physical behaviors where the
dynamic state changes discontinuously. As a result, a pin-
nacle corresponds to a distinct state of physical behavior.
In physics, such a distinct state corresponds to a distinct
point in time. Because the continuous behavior represented
by a pinnacle is considered to occur infinitely fast, time is
considered to advance by an infinitesimal amount for a pin-
nacle to implement the physical state change. This behavior
corresponds to the hyperreal domain.

3.3 Hyperdense time
The models of time provide the ingredients for a semantic

domain that is sufficiently rich to formalize the behavior at
discontinuities in physical system models including mythical
mode behavior and pinnacle behavior, as well as combina-
tions of both. It is a straightforward extension to introduce a
hyperdense time model as a“combination”of the superdense
and hyperreal time models. We define the hyperdense time
∗R+ × N as the product of the non-negative hyperreals and
natural numbers. Such a time model can be used for rep-
resenting both infinitesimal time advancements as different
hyperreals, as well as establishing a causal ordering among
superdense time instances with the same hyperreal. The
particular value of such a precise semantic description lies
in the ability to develop consistent computational behavior
generation algorithms.

As discussed before, mythical mode changes correspond
to immediate (zero-time) changes during which the state
variables are not updated, i.e., 0/0. Pinnacles, on the other
hand, are found at ε/R since they correspond to real jumps
in an infinitesimally small time interval.

Figure 4: A variant of Newton’s cradle

4. COMPUTATIONAL REPRESENTATION
OF HYPERDENSE SEMANTICS

Because of the discreteness of computational values and
limited precision of a computational implementation, the
semantic domain of computational models cannot represent
superdense nor hyperreal domains. Therefore, (i) a model-
ing formalism must include a means for the modeler to dis-
tinguish between pinnacles and mythical modes and (ii) the
behavior generation algorithms must include sophistication
that addresses the differences between superdense and hy-
perreal semantic domains. The resulting semantic domain
for the computational implementation maps continuous time
behavior onto floating point numbers, F, while the mythical
mode and pinnacle event iteration each map onto an inte-
ger domain. The first principle hyperdense semantic domain
∗R+ ×N then maps onto a three-dimensional model of time
F×N−1 ×N in a computational implementation, where the
pinnacle domain comprises the natural numbers extended
with −1 in order to capture the physical state immediately
preceding the point in time at which discontinuities occur.
This section first presents a paradigmatic example followed
by a computational implementation. This implementation
can now be formalized based on mapping the first principles
hyperdense semantic domain onto a computational three-
dimensional time semantic domain.

4.1 A paradigmatic example
In Fig. 4, a variant of Newton’s cradle is shown. One of the

bodies, m1, has another body, m2, positioned on top of it.
Stiction effects between m1 and m2 cause them to behave as
one body with combined mass as long as the breakaway force
between them, Fbreakaway, is not exceeded. The body m1

may collide with another body, m3, according to a perfectly
elastic collision, ∆v32 = −∆v−32, where ∆v is the difference
in velocities (v3 − v2) after the collision and ∆v−32 is the
difference in velocities before the collision.

The bond graph model in Fig. 5 shows the three masses
as inertias, I, each of them connected to a common velocity
junction, 1, which have as velocity on all connected ports the
velocity of the directly connected mass. The 1 junctions are
connected by common force junctions, 0. The 0 junctions are
controlled junctions in that a finite state machine determines
whether their on or off state is active. The plastic collision
is modeled as ideally plastic (i.e., a coefficient of restitution
ε = 1) by a modulated flow source MSf. If the controlled
junction 01 is in its on state, this flow source enforces a
difference in velocities of m1 and m3, possibly accounting
for the rigidly connected mass m2. If the controlled junction
01 is in its off state, a 0 force is exerted on both m1 and m3

(possibly accounting for m2). The controlled junction 02

exerts a 0 force in its off state as well, which is when the
force at the contact point between m1 and m2 exceeds the
breakaway force. Note that for clarity no viscous friction
in case m1 and m2 move independently in continuous time



Figure 5: Model of the variant of Newton’s cradle

is modeled. If the difference in velocities between m1 and
m2 falls below a threshold level, the stiction effect becomes
active, which is modeled by 02 changing to its on state. In
the on state, a difference in velocities of m2 and m3 of 0 is
enforced.

Upon collision of m1 and m3, if the difference in veloci-
ties v1 and v2, ∆v12, is less than the threshold velocity vth,
stiction is active and m1 and m2 behave as one body with
mass m1 +m2. In case m1 +m2 < m3, this would result in
a return velocity of m1 (i.e., m1 would start moving in the
opposite direction compared to the velocity before the colli-
sion). However, the momentum of m1 may be such that an
impulsive force [8] arises between m1 and m2 that triggers
the Fbreakaway transition, causing the two bodies to move
independently. In this case, if m1 = m3 and ε = 1, there is
no return velocity for m1 but instead it acts as in the case
of Newton’s cradle where m3 assumes all of the momentum
of m1 while m1 comes to rest. In this case the velocity of
m2 is not affected by the collision.

The importance of a semantic domain that combines both
superdense as well as hyperreals is prominently displayed by
this example. While the condition for 02 to switch from on
to off occurs in 0 time, the condition for 01 to switch from on
to off occurs in infinitesimal, ε, time. A critical consequence
of this phenomenon is that, although in reasoning about
the system, 01 first changes its state to on, after which the
change of state in 02 to off is determined, the change of state
in 01 back to off is not effected until after the change of state
in 02 to off.

4.2 A computational implementation
To generate behaviors for the system in Fig. 4, a compu-

tational model is designed based on the hybrid bond graph
model in Fig. 5 by using the hybrid bond graph modeling
and simulation tool HyBrSim [28]. Figure 6 shows the hy-
brid bond graph in Fig. 5 modeled in HyBrSim with the
finite state machines of the controlled junctions shown in
Fig. 7.

The HyBrSim model shows the power bonds in the hy-
brid bond graph as harpoons (i.e., one-sided arrow heads).
The bond graph elements are shown as black rectangles with
their type on the right-hand side of each rectangle. The left-
hand side of each rectangle displays the name of the element
as well as its parameter. Mapping the bond graph elements
(0, 1, I, and Sf) onto the model in Fig. 5 is straightforward,
where the HyBrSim models shows that the masses all are

Figure 6: Hybrid bond graph of the modified New-
ton’s cradle

chosen as 1.0 and the coefficient of restitution, ε, is chosen
to be 0.8.

In addition to the bond graph elements, Fig. 6 shows sig-
nal elements of type + and Int. The latter integrate their
input with respect to time, which in Fig. 6 is either f1 (the
flow variable of bond b1 that represents the velocity of m1)
or f5 (the flow variable of bond b5 that represents the ve-
locity of m3). The result of the integration is the position
of m1 and m3, respectively.

The type + elements add their input (with possible neg-
ative sign, which is a property of each particular element)
and so the dx13 element subtracts the position of m3, repre-
sented by signal s14, from the position of m1, represented by
signal s15. The resulting output of dx13 is input to the con-
trolled 0-junction F13 and so become a source in the state
transition diagram in Fig. 7(b) that controls the mode of
F13. Similarly, the + element dv13 subtracts the velocity of
m3, represented by f5 from the velocity of m1 represented
by f1. The resulting output is input to the controlled 0-
junction F13 as well and so also becomes a source (with two
incarnations) in the state transition diagram Fig. 7(b).

Finally, the + element dv12 subtracts the velocity of m2,
represented by the flow f6 on bond b6 from the velocity of
m1 represented by the flow f4 on bond b4. The resulting out-
put is input to the controlled 0-junction F12 and so becomes
a source (with two incarnations) in the state transition di-
agram Fig. 7(a). In addition, the state transition diagram
shows a source e4, which is shown in the HyBrSim model
to be the effort on bond b4 and this corresponds to the force
exerted across the 0 junction F12.

4.3 Behavior generation
A key aspect of the computational model in HyBrSim is

the language elements that allow a modeler to map the con-
ceptual differences in discontinuities on a hyperdense seman-



(a) F12

(b) F13

Figure 7: Finite state machines for controlled junc-
tions

tic domain onto a computational three-dimensional model of
time. In HyBrSim this is facilitated by allowing the modeler
to state whether a guard in the state transition diagrams is
evaluated based on a priori or a posteriori variable values
in the model. This is illustrated in the state transition dia-
grams of Fig. 7 by the guard elements being annotated on
the left-hand side by either a ‘-’ sign (e.g., dv13 < 0.0) or a
‘+’ sign (e.g., dv13 > 0.0), respectively.

In the case of an a priori guard, the variable values that
are employed are those of the most recent hyperreal advance.
In other words, while the model iterates across mythical
modes, the truth value of the a priori guard does not change.
In contrast, in the case of an a posteriori guard, the most
recent variable values (either of a pinnacle or a mythical
mode) are employed to compute its truth value. In addi-
tion to the language elements for expressing the different
types of discontinuous behaviors, the behavior generation
of HyBrSim is based on the mythical mode algorithm [26]
to enable evaluating a posteriori truth values in between
hyperreal advances (corresponding to ‘accepted’ and phys-
ically meaningful states). Finally, it should be noted that
HyBrSim implements conservation of physical extensities
(charge, mass, flux, etc.) to hold across structural changes
in a hybrid bond graph [28], which completes the necessary
computational machinery for behavior generation.

Parameter studies can now be conducted to analyze three
qualitatively different behaviors: (i) a partially plastic col-
lision between the combined m1 + m2 mass and m3 may
occur without further discontinuous effects; (ii) the colli-
sion may cause the breakaway force Fth to be exceeded
so that m1 and m2 behave as independent masses, after
which continuous behavior resumes; and (iii) before contin-
uous behavior resumes, the difference in velocities of m1

and m2 is such that it falls below the threshold velocity
and m1 and m2 act as a single mass again. The studies
are presented based on computational behavior generation
with the progression of behavior on both the hyperdense
(as a 2 tuple 〈time,mythical mode〉 with time as hyper-
reals that progress by infinitesimals, ε, to represent pinna-
cles) and the three-dimensional (as a corresponding 3 tuple
〈time, pinnacle,mythical mode〉) semantic domains. This

time 0F12 0F13 pm1 pm2 pm3

〈tcollide − ε, 0〉
〈tcollide,−1, 0〉

on off 0.95 0.95 0

〈tcollide, 0〉
〈tcollide, 0, 0〉

on on 0.38 0.38 1.14

〈tcollide + ε, 0〉
〈tcollide, 1, 0〉

on off 0.38 0.38 1.14

Table 1: Sequence of mode changes in infinitesimal
steps for vth = 0.8 and Fth = −0.6

notation is used in the following tables while referring to
the column labeled time.

Behavior generation for the first case is shown in Fig. 8(a)
with the numerical values of the detailed discontinuous be-
havior upon collision shown in Table 1. With the chosen
parameters (m1 = m2 = m3 = 1.0 and ε = 0.8) and initial
conditions for the velocities and momenta (v1,0 = p1,0 =
v2,0 = p2,0 = 0.95, v3,0 = 0), the table shows how upon col-
lision, the mode of controlled 0 junction F13 changes from
off to on. The resulting collision causes a change in mo-
mentum across all three bodies involved and time advances
by an infinitesimal amount. Upon the advance the collision
mode of F13 turns off and the bodies proceed to move in a
continous fashion with the changed momentum.

(a) Fth = −0.6
and vth = 0.8

(b) Fth = −0.5
and vth = 0.8

(c) Fth = −0.5 and
vth = 0.875

Figure 8: Simulation results of the computational
algorithm (m1 = m2 = m3 = 1.0, v1,0 = v2,0 = 0.95,
v3,0 = 0, ε = 0.8)

Behavior generation for the second case is shown in Fig. 8(b)
with the numerical values of the detailed discontinuous be-
havior upon collision shown in Table 2. With the Fth =
−0.5 parameter, the change in momenta upon collision (t =
〈tcollide, 0〉) exceeds the breakaway force and before an in-
finitesimal advance, a consecutive mode change occurs at t =
〈tcollide, 1〉 that causes the controlled 0 junction between m1

and m2 to turn off. This new set of modes of the controlled
junctions effects a further change in momenta after which no
further instantaneous mode changes occur. Therefore, time
advances by an infinitesimal step (t = 〈tcollide + ε, 0〉), after
which the system proceeds to evolve continuously.

Behavior generation for the third case is shown in Fig. 8(c)
with the numerical values of the detailed discontinuous be-
havior upon collision shown in Table 3. Here, the previous
scenario is followed up till t = 〈tcollide + ε, 0〉. However, af-
ter the controlled 0 junction that models the collision effect
changes its mode to off, the difference in velocities of m1 and
m2 falls below the threshold velocity and the masses become
rigidly connected again by the 0 junction F12 switching back
on instantaneously (i.e., at t = 〈tcollide + ε, 1〉). Once in this
mode, no further mode changes occur and the system pro-
ceeds to evolve continuously.



time 0F12 0F13 pm1 pm2 pm3

〈tcollide − ε, 0〉
〈tcollide,−1, 0〉

on off 0.95 0.95 0

〈tcollide, 0〉
〈tcollide, 0, 0〉

on on 0.38 0.38 1.14

〈tcollide, 1〉
〈tcollide, 0, 1〉

off on 0.095 0.95 0.855

〈tcollide + ε, 0〉
〈tcollide, 1, 0〉

off off 0.095 0.95 0.855

Table 2: Sequence of mode changes in 0 and in-
finitesimal steps for vth = 0.8 and Fth = −0.5

time (t) 0F12 0F13 pm1 pm2 pm3

〈tcollide − ε, 0〉
〈tcollide,−1, 0〉

on off 0.95 0.95 0

〈tcollide, 0〉
〈tcollide, 0, 0〉

on on 0.38 0.38 1.14

〈tcollide, 1〉
〈tcollide, 0, 1〉

off on 0.095 0.95 0.855

〈tcollide + ε, 0〉
〈tcollide, 1, 0〉

off off 0.095 0.95 0.855

〈tcollide + ε, 1〉
〈tcollide, 1, 1〉

on off 0.5225 0.5225 0.855

〈tcollide+2ε, 0〉
〈tcollide, 2, 0〉

on off 0.5225 0.5225 0.855

Table 3: Sequence of mode changes in 0 and in-
finitesimal steps for vth = 0.875 and Fth = −0.5

The sequences of mode changes is depicted in Table 3,
which clearly shows the difference in effects as the model
evolves in the computational representation of superdense
and hyperreal time. The ability to differentiate between
t = 〈tcollide, 1〉 and t = 〈tcollide + ε, 0〉 enables making the
distinction between the pinnacle effect of 0 junction F13 and
the mythical mode effect of 0 junction F12. Otherwise, 0
junction F13 would have switched back off simultaneously
with 0 junction F12 switching off. This would either: (i) not
allow modeling of inferencing (mythical) modes or (ii) have
the collision effect (incorrectly) computed for m1 and m2

comprising a combined mass of m1 +m2.
Note that in evaluating the truth value of the guard with

Fth as a variable requires the ability to evaluate impulses.
Because of the discontinuous changes in velocities, the ac-
celerations become impulsive, and, therefore, the forces that
are compared against Fth become impulsive as well. Because
of the infinite magnitude of an impulse, Fth would always
be exceeded and the guard would always evaluate to true.
Instead, HyBrSim allows the use of either a numerical ap-
proximation of the impulse (based on a small numerical delta
in time) or the use of the impulsive area in the comparison
to evaluate the truth value of the guard [24]. For example,
in the case of the model in Fig. 6, the area of the impulse
corresponds to the discontinuous change in momentum of
m1.

5. RELATED WORK
A number of research activities are presently being ex-

plored in the hybrid dynamic system community. Based on
the superdense time notion of Maler, Manna, and Pnueli [21],
Lee and Zheng have developed an operational semantics of

hybrid systems [20]. Because of the focus on tool develop-
ment, their work concentrates on computational models, in
which case the notion of hyperreals can be reduced to an
integer dimension. In contrast with the three-dimensional
model of time developed for computational models in this
paper, support for mythical mode iterations is not consid-
ered in their work. Moreover, employing superdense time
for impact modeling requires a direct mapping of physics
onto a computational representation that differs in the first
principles semantic domain. In turn, this requires a high
conceptual investment and relies on additional validation to
compensate for the omission of a modeling stage based on a
theory of physics (e.g., [38]).

In a different exploration, Bliudze and Krob [3] and Ben-
veniste, Bourke, and Pouzet have pursued nonstandard anal-
ysis [2, 3] to formalize the semantics of hybrid automata
models. Though the intent is less about developing a first
principles modeling approach, by developing a mathemati-
cal representation that helps in formulating a computational
implementation, the work provides an unbiased foundation
that does relate well to an underlying physics theory. Still,
compared to the work presented in this paper, their work
currently does not support a semantics for mythical mode
behavior. Generally, the choice of hybrid automata as a
modeling formalism requires explicit formulation of much of
the behavior of a system that is being modeled and so in
the context of the work presented here it would require a
conceptual investment to explicitly determine the mythical
mode overall end effects.

Other work on formalizing hybrid automata [1] relies on
a superdense semantic domain and so comparisons with a
hyperdense semantic domain apply. Similar to hybrid au-
tomata, related work on dynamic logic [37] requires an ex-
plicit formulation of discontinuities with the corresponding
conceptual investment that it necessitates.

Somewhat further removed but still related in the under-
lying intent are efforts by Bourke and Pouzet [4] to formalize
the semantics of hybrid system modeling languages. In par-
ticular, formalizing the combination of synchronous behav-
ior and continuous-time behavior generated by a variable-
step numerical solver requires a precise understanding of
discrete event behavior and its bearing on continuous evolu-
tion. Focus in their work is an eventual computational im-
plementation and as such other work by Mosterman, Zander,
Hamon, and Deckla [33] has taken a perspective in which
continuous-time differential equations behavior is defined by
a numerical solver that is applied in the computational ap-
proximation. In addition to the lack of support for mythical
mode iteration, this work also does not specifically focus on
a first principles theory for modeling physics.

While the challenges of mythical mode iteration are ac-
knowledged in related work by Söderman and Strömberg [39],
the classification of transient, semi-transient, and nontran-
sient modes in the implementation by Edström, Strömberg,
Söderman, and Top [11] does not provide support for myth-
ical modes. In their work, a mode transition system (MTS)
is derived from a declarative formulation of a switched bond
graph. Depending on the execution semantics of the opera-
tional MTS, a parallel execution may handle mythical modes
by compiling a static transition structure that accounts for
these modes. Furthermore, though the use of bond graphs
bases the work by Edström , Strömberg, Söderman, and
Top [11] on a solid theory of physics, the MTS concentrates



on a computational implementation (i.e., interpreted as in-
teger semantics), and, therefore, the use of hyperreals to
represent pinnacles (semi-transient modes in MTS) is not
part of their work [10].

Previous work by Mosterman and Biswas [27] provided a
theory of physics to support mythical mode iteration but did
not elaborate to the same extent on pinnacle iteration. The
lack of a hyperreals in the semantic domain lead to modeling
a sequence of collisions as a sequence of isolated points on
the reals. The resulting gaps in time between these points
challenged the understanding of physics from a thermody-
namics perspective, because it includes continuity principles.
Hyperreals allow formulating such collision sequences with
infinitesimal advances between the collisions and thus, the
semantic pitfall of gaps in time are avoided.

6. CONCLUSION
A critical characteristic of physical system models is the

manner in which the system dynamics are captured and ab-
stracted. Generally, physical systems are well described by
continuous-time behavior. However, if the dynamics of some
of the continuous behavior is much faster than the time scale
of interest it is sometimes more efficient to model the re-
sulting effect by discontinuous change. The corresponding
models then combine continuous behavior with discontinu-
ous change and the system comprises hybrid dynamics.

In this paper, the discontinuous change is represented by
pinnacles and mythical modes. These two classes of modes,
in turn, are represented by different temporal semantics.
Pinnacles require physical time to advance during discon-
tinuous change. This change is modeled using a notion of
time as hyperreals. Mythical modes do not allow changes in
the physical state and so occur without time increment. As
such, these modes are represented by a notion of superdense
time.

Consequently, a combined notion of time that allows for
the expression of both semantics is required in order to ana-
lyze pinnacles and mythical modes in concert. Moreover, so
as to support behavior generation, a computational repre-
sentation is necessary that captures the interaction between
these two classes of discontinuities in a consistent and exe-
cutable manner.

In the presented work, a hyperdense notion of time is in-
troduced as a combination of superdense and hyperreal do-
mains. The particular value of using such a precise semantic
description lies in the ability to develop consistent computa-
tional behavior generation algorithms. To this end, the hy-
perdense notion of time is mapped onto a three-dimensional
computational model of time. In particular, continuous-time
behavior is mapped onto floating point numbers, while the
mythical mode and pinnacle event iteration each map onto
an integer domain. A modified Newton’s cradle is used as a
case study and to illustrate the implementation.

The benefits of having a hyperdense semantics include
support for combining the expertise of physics modeling with
computer science and control engineering. Such combined
expertise becomes increasingly valuable as cyber-physical
systems are rising to prominence in the realm of modern
technical systems. Moreover, providing a computational se-
mantics based on the hyperdense semantic domain allows
for designing better interdisciplinary behavioral models de-
rived from first principle foundations. Impact scenarios, for
example, in multibody systems can be studied with a sound

theoretical foundation about the physical interactions and
nuances that are taking place before, during, and after the
collision moment.

Moreover, the work provides support for implicit model-
ing that is ubiquitous in industry as well as a foundation
for relating implicit models to explicit models that are often
used in academia. For example, nonterminating behavior
in the superdense sense (causing time to halt) can now be
strictly separated from nonterminating behavior in the hy-
perreal sense (causing time to advance by infinitesimals).
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