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ABSTRACT

This paper presents foundations for a functional execu-
tion structure that generates dynamic behavior of data
processing systems that are of a sampled nature. These
systems are often represented by block diagrams, i.e.,
blocks connected by directed lines, where each block
represents data transformation. An intermediate repre-
sentation de�nes the semantics of these block diagrams
that is directed towards a functional software imple-
mentation and should support sophisticated modeling
patterns such as feedback and hierarchy. Thus, it pro-
vides a point of reference in understanding, analyzing,
and comparing existing block diagram simulation soft-
ware.

1 INTRODUCTION

In this paper, dynamic systems are considered that are
generally represented by block diagram models. Such
systems can be well modeled by time-based block di-
agrams and sophisticated analysis and synthesis tools
such as Simulink r (Simulink 2004) are readily available.
Modeling languages can be classi�ed as being declara-
tive or imperative. The �rst makes statements about its
next state and internal input and output values while
the second commands changes to its state and internal
input and output values. As such, an imperative lan-
guage implements the execution of its constructs that,
in a declarative language, can still be chosen. For exam-
ple, many di�erent orders of execution may lead to the
same result in a declarative language, providing room
for optimization.
Though block diagram models are declarative, they

are causal, i.e., the functions that describe the behavior
of a block have explicit input and output variables. This
di�ers from other work (Nilsson, Peterson, and Hudak
2003) where a functional approach for non-causal mod-
els is developed. Such non-causal models are bene�cial
in, e.g., the domain of plant modeling but undesired in,
e.g., the domain of control algorithm design.

In this paper, a functional approach is taken that re-
sembles the computational structure of Simulink. It ap-
plies a function (in the mathematical sense, as opposed
to the software sense) to perform the data transforma-
tion as required by each of the blocks in a model. The
function, then, is a concise description of the behavior
of the block and it lends itself well to be translated into
computer code.

The use of functions to describe block behavior is
a �rst step towards implementing an execution envi-
ronment. Next, these functions need to be called re-
peatedly to advance behavior. The use of partitioning
to manage system complexity (Wijbrans 1993) brings
about the need for input and output signals to each
block. This may call for a separation of the one function
that captures the block behavior into a state-related
and an output-related part. It is shown how hierar-
chy requires that the state-related and output-related
parts may have to be interleaved throughout levels of
hierarchy to eÆciently execute the model.

Section 2 lays down the principles of functions and
the function graph used in this paper. Section 3
then presents an execution mechanism for this func-
tion graph. In Section 4, pathological cases that result
in cyclic dependencies are introduced. Section 5 gives a
mapping of block diagrams onto the function graph and
shows how di�erent forms of aggregation may induce or
avoid cyclic dependencies. In Section 6, the conclusions
of this work are presented.

2 The Basis: Functions

A functional description of behavior relies on a function
call that takes a set of input arguments and produces
output in return. There is no order of evaluation im-
plied in either the set of input or output arguments. A
function can model system dynamics by computing the
change of the system state.
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2.1 The Dynamics of a Function

In sampled data systems, each variable takes a value at
discrete time points, k with k 2 @. This includes the
class of sampled data systems with equidistant sample
points, kTs, where Ts, is the sample time. Note that
the temporal interpretation is secondary and the index
k may be regarded as a step in a generic iteration that
has no immediate bearing on time. This implies as well
that in case of a temporal interpretation, the points are
not necessarily equidistant.
This section �rst develops a foundation for describ-

ing systems by using functions. The corresponding lan-
guage will then serve as an intermediate representation
to model block diagram components that contain more
sophisticated semantic primitives for which a number of
function primitives are required. This intermediate rep-
resentation is closer to the execution level, and, there-
fore, serves to analyze execution particulars.
A function, f , is an operation that maps part of a real

space of dimensionsm, the function domain, onto a real
space of dimensions n, f : <m ! <n. No restrictions
apply other than that the map is deterministic, i.e., one
point in the function domain maps onto one and only
one point. For example, for m = n = 1, a function f

computes a value b 2 < from a value a 2 <, b = f(a).
In case f represents a sampled data system with no

external connections, the input a is interpreted as the
system state, often denoted x. The output b is in-
terpreted to be the next state and the dynamics of a
discrete-time system become x(k+1) = f(x(k)), where
the argument k to x denotes an index in a sequence of
states. This index could be tied to a point in time.
To generate a sequence of states, a control structure

(the execution engine) applies the function f repeat-
edly. Each application computes a new state, to which
f is then applied. This results in the state sequence
fx(0); x(1); x(2); : : : g. In this scheme, the execution
engine cycles through two distinct stages: (i) applica-
tion of the function, f , also called the output stage, and
(ii) increasing the index, k, to apply f to the next state,
also called the update stage.

2.2 A Graphical Representation

In general, multiple functions, fi, i 2 @, may have to be
evaluated and, to analyze their dependencies, a graph
representation will be used.
For a single function, f , with m = n = 1, as dis-

cussed so far, the graphical representation is given in
Fig. 1. Here the input and output are represented by
the vertices marked v while the operation f is repre-
sented by the vertex marked o. Note that the v vertices
are not indexed as it is in principle irrelevant and un-
known whether f produces a next value or a previous

Figure 1: The two stages in the execution engine.

Figure 2: Function graph of the Fibonacci series.

value or has still other semantics (e.g., they could sim-
ply represent input and output variables), as long as
the two v variables are conceptually di�erent.
The update stage, though separate from the output

computations, can be represented in the same graph
by a dashed edge between the two v vertices involved.
It ties these vertices together and assigns them `state'
semantics where the origin is the new state, x(k + 1),
and the destination is the corresponding x(k). Note
that the solid and dashed edges are, in general, active
during distinctly di�erent stages of the simulation.
A system, S, then is de�ned by a four-tuple:

S =< Vv ; Vf ; Eo; Ex > (1)

where Vv the set of input and output vertices (v ver-
tices), Vf the set of vertices that represent functions (o
vertices), Eo the set of edges that constitute the out-
put computations (solid), and Ex the set of edges that
constitute the update operations (dashed).
To illustrate the preceding, consider the Fibonacci

series
F (n) � F (n� 1) + F (n� 2) (2)

A function graph for this is given in Fig. 2. It shows the
function F (n) to implement summation of the output
of F (n� 1) and F (n� 2). The shift is achieved by an
update edge. Since a regular delay is implemented, the
functions F (n�1) and F (n�2) are merely the identity
function.
In contrast to other approaches such as object ori-

ented simulation or token exchange execution, in the
functional approach presented here, the state variable
that is updated on each iteration step is passed into the
function, f .

2.3 Aggregating Functions

To manage the complexity of engineered systems, parti-
tioning is applied to model a system as an accumulation
of functions. If a number of functions are used to com-
pute the new state from the current state, these can
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be combined while expanding the dimensions of the in-
put and output space, and system execution requires
only one function call. The input, a 2 <m and out-
put b 2 <n then become vectors of length m and n,
respectively, rather than single values.
Algebraically, the disjoint functions, fi, that oper-

ate on the one-dimensional spaces Ai and Bi are com-
bined into one aggregate function f that operates on
the spaces A and B that are the product spaces of the
Ai and Bi, i 2 f1::ng, respectively. The operations
are completely decoupled, though, i.e., the function f

consists of a set of n disjoint operations.
For n = 2, the output computation phase of the exe-

cution can be graphically depicted, as shown in Fig. 3.
In Fig. 3(a) the two separate o vertices are shown, where
the ellipse indicates they are one aggregate computa-
tion. In Fig. 3(b) the separate o vertices are collapsed
into one supervertex O. Note that the internal, disjoint,
structure of the supervertex is lost after the aggregation
and dependencies between all input and output appear.

(a) Independent. (b) Aggregate.

Figure 3: Combining functions into an aggregate.

3 EXECUTING SYSTEMS

Given the graph of connected functions, the dependen-
cies can be analyzed to establish an execution order that
ensures each of the functions is only evaluated when all
its input is available. For example, in Fig. 2, F(n-1)
only takes exogeneous variables, and, therefore, can be
computed �rst. Similarly, F(n-2) is not dependent on
output of other functions, and so it can be computed
second. Finally, now that F(n-1) and F(n-2) are known,
the dependencies for computing F(n) are satis�ed, as
F(n-1) and F(n-2) are input to F(n) and the execution
order becomes F (n� 1)! F (n� 2)! F (n).
In general, in a declarative approach there are mul-

tiple orderings that allow the strict (i.e., with all their
input available) evaluation of all functions. Each of
these orderings is equally valid and they all produce
the same execution results. For the system in Fig. 2,
F (n � 2) ! F (n � 1) ! F (n) can be used as the exe-
cution order as well, as long as F(n) is computed last.
Note that, in a denotational framework, the execution
order even becomes irrelevant as the result is the �xed
point of iterations of randomly executing functions.

4 CIRCULAR DEPENDENCIES

The framework discussed in Section 2 is not responsible
[adopted from (Liu, Eker, Janneck, Liu, and Lee 2004)],
meaning that it allows the design of pathological sys-
tems. For example, it is trivial to create a graph with
circular dependencies. These cannot be solved by an
explicit algorithm that computes function values once
and passes its output on, and, therefore, such circular
dependencies may have to be eliminated.

Circular dependencies may arise because of aggre-
gating constituent functions into a supervertex. This
aggregation may reect an implementation choice to
achieve a certain architecture but the restrictions it
places on the execution order may be such that cir-
cular dependencies arise. To possibly resolve these de-
pendencies, the graphs that constitute the supervertices
involved need to be studied. A di�erent aggregation of
the original system may be required to eliminate circu-
lar dependencies.

Consider the system in Fig. 4. The original system in
Fig. 4(a) contains no circular dependencies. However,
when the aggregation in Fig. 4(b) is applied, the cir-
cular dependency between the o vertices in Fig. 4(c)
arises. To remove these, the functions of the origi-
nal system must be aggregated di�erently. How �ne
grained this break-down has to be in case of a hier-
archy of supervertices can be optimized (Oberschelp,
Gambuzza, Burmester, and Giese 2004).

(a) Initial. (b) Aggregate. (c) Result.

Figure 4: Aggregation may lead to circular dependen-
cies.

5 BLOCK DIAGRAMS

A mapping of a more intuitive and sophisticated mod-
eling formalism onto the intermediate representation is
now given. Because of its prevalent use in industry,
a speci�c mapping from time-based block diagrams as
found in Simulink is presented.

5.1 De�ning Blocks

To de�ne blocks for dynamic system simulation, it is
observed that they are an accumulation of functions
that operate on input and output variables. The in-
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put and output of each function distinguishes between
state and intermediate variables. This conforms with
the function graph introduced in Section 2 where they
correspond to v and o vertices, respectively.
To distinguish the respective vertices, the usual block

diagram nomenclature will be used in the proceedings,
i.e., u indicates input, y indicates output, x indicates
the current state, and x0 indicates the new state. Func-
tions are indicated by f . Using this notation,

f : X � U ! X � Y (3)

with X the state space, U the input space, and Y the
output space. Figure 5(a) shows how a block may con-
tain a function f2 to process its input data, u2 and
f1, based on its state, x2. The function f2 computes
the block output, y2, and new state, x0

2
. In addition,

the block contains a relation between x2 and x
0

2
that is

executed in the update stage. The corresponding inter-
mediate representation is given in Fig. 5(b).

x’2

u2

f3

y2 x2

f2

f1

(a) Annotated. (b) Functional.

Figure 5: A block and its possible connections.

A block then is a system de�ned by the four-tuple in
Eq. (1), with the set Vv being a union of distinguished
input vertices, Vu, output vertices, Vy, and state ver-
tices, Vx, i.e., Vv = Vu [ Vy [ Vx. In the block diagram
function graphs, Vu are subscripted u vertices, Vy are
subscripted y vertices, Vx subscripted x and x0 vertices,
and Vf are vertices with an incoming and outgoing solid
edge. The di�erent edges, Eo and Ex, and their con-
nected vertices constitute the two graphs that de�ne a
block.
In general, an arbitrary number of functions greater

than or equal to one can be employed to specify the
behavior of a block instead of the one single function f2
in Fig. 5(a). The output stage of execution may call the
functions that constitute a block in any desired order
that will result in an explicit sequence of computations.
Note that, as such, a block is distinctly di�erent from
the supervertex introduced in Section 3.
In the intermediate representation, blocks are then

de�ned by two graphs:

� The output graph consists of edgesEo that compute
the output variables (x0 and y).

� The update graph consists of edges Ex that relate
current and new states (x and x0, respectively).

Note that the current state and new state in the output
graph are function input and output, respectively, as
well. However, in the context of block diagrams, the
di�erentiation between which input is state and which
output is state can be made. The two di�erent graphs
will be shown in one depiction, clearly distinguishing
between them by using solid edges for the output graph
and dashed edges for the update graph. All vertices can
be considered part of both graphs (though only the ones
connected to an edge are of importance).

5.2 De�ning Simulink Blocks

Unlike the general functional implementation of blocks
in a block diagram modeling language, Simulink applies
a somewhat more speci�c and restrictive template for
sampled data systems and only allows two functions, f
and g, to capture the dynamics of a block. The state
variables are computed by g, and the intermediate vari-
ables by f .
This model of a Simulink block is shown in Fig. 6. In

Fig. 6(a), two types of input are possible, distinguished
by their direct feedthrough character:

� The input ux represents input that has no direct
feedthrough to the output, i.e., its value is not used
in the function f , but it is used only in the function
g to compute the new state, x0. This implies that
its value does not have to be available when the
output, y, is computed.

� The input uy represents input that does have di-
rect feedthrough. Therefore, its value needs to be
available when the block output is computed.

In general, the input, u = fux; uyg and the output,
y, can be intermediate variables computed by another
function (o) or sinks and sources (v). The functional
graph of a Simulink block, shown in Fig. 6(b), repre-
sents this by indicating vjo instead of either v or o, i.e.,
both v and o are allowed.
The mapping onto the intermediate representation

allows analyses of a block diagram model to identify cir-
cular dependencies, called algebraic loops, that become
immediately apparent in the intermediate representa-
tion.

5.3 Connecting Blocks

Given the block de�nitions using the intermediate rep-
resentation, a Simulink block diagram can be trans-
formed into a function graph and then be analyzed and
optimized.
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(a) Annotated.
(b) Functional.

Figure 6: Constituents of a Simulink block.
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Scope

z
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Delay2

z

1

Delay1

F(n-1) F(n-2)F(n)

Figure 7: Simulink diagram of the Fibonacci series.

Figure 8: Mapping a block diagram onto functions.

For example, consider the Simulink diagram of the
Fibonacci series given in Fig. 7. For the unit delay
blocks, Delay1 and Delay2, the f and g functions in
Fig. 6(a) are the identity function. Furthermore, there
is no direct feedthrough input uy = ;, and the new
state, x0, is not dependent upon the current state, x.
For the sum block, Sum, only a function f is present
with uy input. The scope block, Scope, is represented
by an output variable, or sink, only.
The resulting intermediate representation is given in

Fig. 8, which is close to the reduced form given earlier in
Fig. 2. The intermediate representation clearly shows
that no circular dependencies exist because the update
stage is separate from the output stage.

5.4 Aggregating Blocks

In one form of hierarchy, a new block can be de�ned
in terms of existing blocks. In Simulink, a block that
contains a number of blocks that de�ne its operation is
called a subsystem. For example, consider the Simulink

1

E

D

C

B

1

A

1

Out

1

Gain

z

1

Delay

1

In

Figure 9: Block diagram with potential algebraic loop.

model in Fig. 9. Here, a new block, C, is de�ned in
terms of its constituents, the gain, Gain, and unit de-
lay, Delay, while the input and ouput port, In and Out,
respectively, de�ne the interface. To ensure `block-like'
behavior, the subsystem C is marked to be atomic,
which means that the new block must conform to the
template in Fig. 6(a).

Analysis of this new block, C, in terms of the function
graph reveals an important potential for conicts. In
Fig. 10(a) �rst the underlying graph of the gain block
is given and in Fig. 10(b) the underlying graph of the
unit delay block is given. If these two are aggregated,
the graph in Fig. 10(c) emerges.

(a) Gain.

(b) Delay.

(c) Gain/Delay.

Figure 10: Creating a new Simulink block.

To arrive at the canonical form in Fig. 6(a), Simulink
aggregates the two f functions into one new function,
F , as shown by the supervertex in Fig. 11(a). Instead
of the aggregation based on the original interpretation
of the meaning of a function, which leads to the aggre-
gate block model in Fig. 11(a), appropriate aggregation
would have recognized the change of status of f and
move it from the block output computation into the
new state computation, as shown in Fig. 11(b).

In case f is not moved to g, Fig. 12 illustrates that an
algebraic loop may emerge. In Fig 12(a) the underlying
functions of each of the blocks are shown, whereby for C
the graph from Fig. 11(a) is used. The constant, A only
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(a) F aggregation.

(b) G aggregation.

Figure 11: Gain/Delay aggregation.

maintains the state part of the general Simulink block
in Fig. 6(a). Given that the state is not changed, this
produces a constant value. The sum block, B, is given
by just the f part with two input ports, much like the
gain, E, though it has only one input port. The scope
D is modeled as computed state output, x0, through
an identity function. The intermediate representation
clearly shows there is a circular dependency between B,
C, and E, in the system.

(a) Cycle.

(b) No cycle.

Figure 12: Use of an aggregate Simulink block.

To eliminate this problem, Simulink can move the f
call that is connected to g in Fig. 10(c) into the state
computation function, g, of the new block, as shown in
Fig. 11(b) (Mosterman and Ciol� 2004). The result of
this is that the cycle in Fig. 12(a) is removed, as shown
in Fig. 12(b).

6 CONCLUSIONS

Block diagrams are a proliferated formalism used for
modeling engineered systems. To analyze and support
the step from block diagrams to a functional description
in software, in this paper an intermediate representa-
tion is developed. This function graph provides insight

in the execution structure of block diagram models. A
function graph representation for generic blocks in a
block diagram formalism is given, as well as a repre-
sentation for Simulink blocks. It is shown how a block
can, in principle, have an arbitrary number of functions
capturing its behavior, while in Simulink, in the context
of the work presented in this paper, at most two such
functions are allowed. It is then shown that in forming a
new block by aggregation, the aggregation of functions
along the f/g diametry may result in circular depen-
dencies. An alternate aggregation is demonstrated to
eliminate these dependencies and to result in an aggre-
gate block that is more robust in terms of execution
dependencies.
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